The cosmological lens equation in a universe with non zero cosmological
  constant by M. DemianskiInstitute for Theoretical Physics, University of Warsaw et al.
arXiv:astro-ph/0004376v1  27 Apr 2000
.
The cosmological lens equation in a universe with
non zerocosmological constant
M. Demianski3, R. de Ritis1,2, A. A. Marino2,4, E. Piedipalumbo1
1 Dipartimento di Scienze Fisiche, Universita` di Napoli,
Mostra d’Oltremare pad. 20-80125 Napoli, Italy;
2Istituto Nazionale di Fisica Nucleare, Sezione di Napoli,
Complesso Universitario di Monte S. Angelo, Via Cinzia, Edificio G 80126 Napoli, Italy;
3Institute for Theoretical Physics, University of Warsaw, Warsaw, Poland
4Osservatorio Astronomico di Capodimonte,
Via Moiariello, 16-80131 Napoli, Italy
Abstract
We derive and solve exactly the Dyer-Roeder equation in a Fried-
man Robertson Walker cosmological model with non zero cosmological
constant. To take into account non homogeneous distribution of mat-
ter we use the phenomenological clumpiness parameter α˜. We propose
also a general form of an approximate solution which is simple enough
to be useful in practical applications and sufficiently accurate in the
interesting range of redshifts.
e-mail addresses:
mde@fuw.edu.pl
deritis@na.infn.it
marino@na.astro.it
ester@na.infn.it
1
1 Introduction
Recent determination of distances to high redshift type Ia supernovae re-
vealed that the universe is now expanding faster than expected. This ac-
celerated expansion is linked with a non zero cosmological constant. Since
gravitational lensing of cosmological objects involves also high redshift galax-
ies it is interesting to extend the cosmological lens equation to cosmological
models with non zero cosmological constant.
Furthermore the mass distribution in the universe at the relevant range of
redshifts is clearly non homogeneous. In our considerations we will take
into account the fact that at the scale up to several hundred Mpc matter
distribution is non homogeneous. Moreover, with the advent of the Next
Generation Space Telescope (NGT), which will allow imaging of objects at
z ≥ 10 ((Barkana & al.2000)), it will be possible to check better and better
the influence of non homogeneities .
Using the general equations describing propagation of light in a given space-
time we derive an equation for the angular diameter distance and we extend
the notion of angular diameter distance to two objects at arbitrary red-
shifts. The general equation for the angular diameter distance, the so called
Dyer-Roeder equation, can be exactly solved also in the case when the cos-
mological constant is different from zero. However, the exact solution is very
complicated and therefore not useful for practical applications. We propose
a simple analytic form of an approximate solution. The approximate form
of the angular diameter distance depends on four arbitrary parameters. We
fix the values of these parameters by fitting this form to the exact solution.
The paper is organized as follows: In Section 2 we present the derivation of
the angular diameter distance in an arbitrary Friedman- Robertson- Walker
cosmological model. To take into account the non homogeneous distribu-
tion of matter, following the standard practice, we introduce a constant
phenomenological parameter α˜ and rewrite the final equation in a few dif-
ferent forms. In Section 3 we present exact analytic solutions for the angular
diameter distance, first in a flat universe and then in the general case of ar-
bitrary spatial curvature. Section 4 is devoted to the approximate solution
and to discussions of the fitting procedure used to determine the values of
arbitrary parameters. Discussion of our results is presented in Section 5.
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2 General considerations
Let us consider a beam of light emanating from a source S. The light rays
propagate along a surface Σ which is determined by the eikonal equation
gαβΣ,α Σ,β = 0 (1)
A light ray is identified with a null geodesic on Σ with the tangent vector
kα = −Σ,α. The light rays in the beam can be described by xα = xα(v, ya)
where v is an affine parameter and ya (a=1, 2, 3) are three parameters spec-
ifying different rays. The tangent vector field to the light ray congruence,
kα = dx
α
dv = −Σ,α, determines two optical scalars, the expansion θ and the
shear σ:
θ =
1
2
kα;α σ = kα;βm¯
αm¯β, (2)
where m¯α = 1√
2
(ξα − iηα) is a complex vector spanning the spacelike 2-
space (the screen space) orthogonal to kα (kαm¯α = 0) (actually the vorticity
connected with the light beam is zero in all our considerations, therefore in
our case these two scalars completely characterize the congruence). These
two optical scalars describe the relative rate of change of an infinitesimal
area A of the cross section of the beam of light rays and its distortion. In
particular
θ =
1
2
kα;α =
1
2
d lnA
dv
. (3)
These two optical scalars satisfy the Sachs ((Sachs & Kristian 1966)) prop-
agation equations
θ˙ + θ2 + |σ|2 = −1
2
Rαβk
αkβ, (4)
and
σ˙ + 2θσ = −1
2
Cαβγδm¯
αkβm¯γkδ, (5)
where the dot denotes the derivative with respect to v, Rαβ is the Ricci
tensor, and Cαβγδ is the Weyl tensor. Equations (4) and (5) follow from
the Ricci identity. We will use these equations to study propagation of light
in the Friedman-Robertson-Walker (FRW) spacetime. The FRW spacetime
is conformally flat, so in such spacetimes Cαβγδ = 0. From equation (5) it
follows that if initially the shear of the null ray congruence is equal to zero
than it is always zero. Therefore assuming that the light beam emanating
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from the source S has vanishing shear we can disregard the shear parameter
altogether. Using (3) we can rewrite equation (4) in the form
√¨
A+
1
2
Rαβk
αkβ
√
A = 0. (6)
An observer moving with the 4-velocity vector uα will be associated
with the light ray circular frequency ω = cuαkα. Different observers will
assign different frequencies to the same light ray. The shift of frequencies
as measured by an observer comoving with the sources and an arbitrary
observer is related to the redshift by
1 + z =
ω
ωo
=
c
ωo
uαkα, (7)
where ωo is the frequency measured by the distant observer. Differentiating
this equation with respect to the affine parameter v we obtain
dz
dv
=
c
ωo
kαkβuα;β. (8)
Since the angular diameter distance D is proportional to
√
A we can
rewrite equation (6) using D instead of
√
A and at the same time we replace
the affine parameter v by the redshift z, we obtain
(
dz
dv
)2 d2D
dz2
+
(
d2z
dv2
)
dD
dz
+
4πG
c4
Tαβk
αkβD = 0, (9)
where we used the Einstein equations to replace the Ricci tensor by the
energy-momentum tensor.
To relate a solution of (9) with the distance it has to satisfy the following
initial conditions:
D(z)|z=0 = 0,
(10)
dD(z)
dz
|z=0 = c
H0
.
To be able to use solutions of the Eq. (9) to describe gravitational
lenses we have to introduce the distance between the source and the lens
D(zl, zs), where zl and zs denote correspondingly the redshift of the lens
and the source. Let D(z1, z2) denote the angular diameter distance between
4
a fictitious observer at z1 and a source at z2, of course D(0, z) = D(z).
Suppose that we know the general solution of equation (9) for D(z) which
satisfies the initial conditions (11), then the function D(z1, z) defined by
D(z1, z) =
c
H0
(1 + z1)D(z1)D(z)
∣∣∣∣
∫ z
z1
dz′
D2(z′)g(z′)
∣∣∣∣ , (11)
such that
D(z1, z)|z=z1 = 0,
d
dz
D(z1, z)|z=z1 = sign(z − z1)
1 + z1
g(z1)
,
satisfies equation (9), if the function g(z) is a solution of
d
dz
ln g(z) =
d2z
dv2(
dz
dv
)2 , (12)
so
g(z) = g0 exp
∫ d2z′
dv2(
dz′
dv
)2 dz′. (13)
g0 is an arbitrary constant of integration, which, without restricting gener-
ality, we assume to be one. To obtain the equation (12) we inserted (11)
into the equation (9) and demanded that it is satisfied. Let us note that the
Etherington reciprocity relation ((Etherington 1933))
D(z1, z2)
1 + z1
=
D(z2, z1)
1 + z2
, (14)
follows directly from (11).
We are interested in applying equation (9) to find the angular diameter
distance to objects at high redshifts. Therefore let us consider the standard
FRW spacetime described by the line element
ds2 = dt2 −R2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
, (15)
where k (-1, 0, +1) is the curvature constant, and R(t) is the scale factor.
If the matter content of the universe can be approximated by dust then, as
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shown by Friedman, the Einstein field equations for the metric (15) assume
the form
R˙2
R2
= H2 =
8πG
3
̺m +
Λc2
3
− kc
2
R2
,
(16)
R¨
R
= −4πG
3
̺m +
Λc2
3
where here the dot denotes derivative with respect to t, H =
R˙
R
, ̺m is the
matter density, and Λ is the cosmological constant.
In the FRW spacetime the redshift z is connected with the scale factor
R(t) by 1 + z =
R0
R(t)
. Differentiating this relation with respect to time we
obtain
dz
dt
= −(1 + z)H(z).
Let us now return to the description of propagation of a light beam.
Assuming that the observer is a standard FRW observer, e.g. it is comoving
with matter, from the equation (8), we obtain
c2
ω0
dz
dv
= (1 + z)2H(z). (17)
Introducing a new dimensionless affine parameter w = H0ω0c2 v we trans-
form equation (17) into
H0
dz
dw
= (1 + z)2H(z) (18)
The Friedman equation for H2, Eq. (16), can be rewritten as
H2(z) = H20
(
Ωm(1 + z)
3 +Ωk(1 + z)
2 +ΩΛ
)
(19)
where H0 is the present value of the Hubble constant, and
Ωm =
8πG̺0
3H20
, Ωk = − kc
2
R20H
2
0
, ΩΛ =
Λc2
3H20
,
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are the present density parameters of matter, curvature and cosmological
constant respectively, and, in the case p = 0 (no radiation), we have
Ωm +Ωk +ΩΛ = 1. (20)
Substituting (19) into (18) we get
dz
dw
= (1 + z)2
√
Ωm(1 + z)3 +Ωk(1 + z)2 +ΩΛ. (21)
To apply the angular diameter distance to the realistic distribution of
galaxies it is necessary to take into account local non homogeneities. Unfor-
tunately so far an acceptable averaging procedure for smoothing out local
non homogeneities has not been developed ((Krasinski 1997)). Therefore fol-
lowing previous discussions we introduce the phenomenological parameter α˜
which describes the influence of local non homogeneities on propagation of
light ((Dyer & Roeder 1972)), ((Tomita et al. 1999)). With this alteration
equation (9), in the FRW-dust case, can be rewritten in the form
(
dz
dw
)2 d2D
dz2
+
(
d2z
dw2
)
dD
dz
+
3
2
α˜Ωm(1 + z)
5D = 0. (22)
It is customary to measure cosmological distances in units of cH0 , introducing
the dimensionless angular diameter distance (the Dyer-Roeder distance) r =
DH0
c , and using (22) we finally obtain
(1 + z)
[
Ωm(1 + z)
3 +Ωk(1 + z)
2 +ΩΛ
] d2r
dz2
+
(23)(
7
2
Ωm(1 + z)
3 + 3Ωk(1 + z)
2 + 2ΩΛ
)
dr
dz
+
3
2
α˜Ωm(1 + z)
2r = 0.
with the initial conditions:
r(z)|z=0 = 0,
(24)
dr(z)
dz
|z=0 = 1.
This equation can be cast into a different form by using a = RR0 as a
parameter instead of z, we obtain
a2(Ωm +Ωka+ΩΛa
3)
d2r
da2
− a(3
2
Ωm +Ωka)
dr
da
+
3
2
α˜Ωmr = 0, (25)
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or using the cosmic time t as a parameter, the equation (22) assumes the
form
d2r
dt2
−H(t)dr
dt
+ 4πGα˜̺m(t)r = 0. (26)
Equation (26) needs some comments: this equation was first introduced
by Dashevski & Zeldovich ((Dashevski & Zeldovich 1965)) (see also Da-
shevski & Slysh, (Dashevski & Slysh 1966)). More recently Kayser et al.
((Kayser et al.1997)) have used it to derive an equation similar to our (23).
In Eq.(26) the clumpiness parameter α˜ is usually considered as a constant.
However in the papers by Dashevski & Zeldovich and by Kayser et al. α˜ is
allowed to vary with time but only the case α˜ = const. is really considered.
For a discussion of the case in which α˜ depends on z see, for example, the
paper by Linder ((Linder 1988)).
As an example of our procedure let us consider the case when ΩΛ = 0
and Ωk = 0, that is a flat Universe so the universe is flat. In this case it is
easy to see that
r(z) =
(1 + z)β − (1 + z)−β
2β(1 + z)5/4
, (27)
where β = 14
√
25− 24α˜, is the general solution of equation (23) with ap-
propriate initial conditions. This solution can be found in SEF ((Schneider,
Ehlers & Falco 1992)), see their equation (4.56). The g function can be
easily deduced in the flat Λ = 0 Friedman-Robertson-Walker cosmological
model and we obtain
g(z) = (1 + z)2
√
ΩM0z + 1.
Substituting the expression for g(z) we get the familiar solution D(zl, zs)
found in SEF.
3 Exact solutions
In recent papers Kantowski ((Kantowski 1998)),((Kantowski & Kao 2000))
has found the general solution of the Dyer-Roeder equation written in the
form (23). In what follow we use the DR equation in the form (25) and
obtain the general solution using more direct approach.
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3.1 The case Ωk = 0
When Ωk = 0, it is possible to divide the Eq.(25) by Ωm and it becomes :
a2(1 + µa3)
d2r¯
da2
− 3
2
a
dr¯
da
+
3
2
α˜r¯ = 0 , (28)
where µ =
ΩΛ
Ωm
.
To solve Eq.(28) we use the following strategy: First we solve this equa-
tion in the case when µ = 0 and we look for solutions in the power form as.
Inserting this form into (28), we obtain:
2s2 − 5s+ 3α˜ = 0, (29)
which has the solutions :
s± =
5
4
±1
4
√
25− 24α˜ = 5
4
±β,
(30)
β =
1
4
√
25− 24α˜.
Writing the general solution is terms of z instead of a and imposing the
initial conditions (11) we recover the solution (27).
In the general case when µ 6= 0 we look for solutions in the form
r¯Λ = a
sf(x) where x = a3. Inserting this form into (28) after some re-
arrangements we obtain
3x(1 + µx)
d2f
dx2
+
(
2(s + 1)(1 + µx)− 3
2
)
df
dx
+
µ
2
(s− α˜)f = 0. (31)
This equation can be reduced to the standard hypergeometric equation. The
general solution of Eq. (28) can be written in the form :
r¯Λ = A1
(1 + z)−β
(1 + z)5/4
fs+
((
1
1 + z
)3)
+
(32)
A2
(1 + z)β
(1 + z)5/4
fs−
((
1
1 + z
)3)
,
where A1, A2 are arbitrary constants and we denoted the solutions by r¯Λ
to stress that it is the solution of the DR equation in a spacetime with
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Λ 6= 0. Here fs− and fs+ are solutions of Eq.(28) with s = s+ and s = s−
correspondingly. The constants A1 and A2 are determined from the initial
conditions (11), or explicitly:
r¯Λ(z)|z=0 = A1fs+(1) +A2fs−(1) = 0,
(33)
dr¯Λ
dz
|z=0 = −s+A1fs+(1) +A1
d
dz
fs+|z=0 − s−A2fs−(1) +
A2
d
dz
fs−|z=0 = 1.
To find the function r¯Λ(z1, z2) we have to solve the equation (12), which in
this case is:
gΛ
′
gΛ
= − 3
2a(1 + µa3)
(34)
from which we get:
gΛ =
[
(1 + z)3 + µ
]1/2
. (35)
Then the general two points (z > z1) solution of Eq.(28) is :
r¯Λ(z1, z) = r¯Λ(z1)(1 + z1)r¯Λ(z)×
(36)∫ z
z1
√
Ωmdz
′
r¯2Λ(z
′)(1 + z′)2[(1 + z′)3Ωm +ΩΛ]1/2
,
which satisfies the initial conditions:
r¯Λ(z1, z1) = 0,
(37)
dr¯Λ
dz
(z1, z)|z=z1 =
sign(z − z1)
√
Ωm
(1 + z1)
√
(1 + z)3Ωm +ΩΛ
.
(when ΩΛ = 0, we get exactly the SEF solution (4.53) for Ωm = 1). It
is worth to stress that using properties of the hypergeometric functions
(fs+ , fs−) it turns out that,
r¯ < r¯Λ, (38)
which is also shown in the following figure.
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Figure 1: The figure shows r(z) for fixed α˜ = 0.9 and for ΩΛ = 0, ΩΛ = 0.6,
ΩΛ = 0.65 and ΩΛ = 0.7. These figures have to be read from the bottom
for increasing values of ΩΛ. We see that r¯ < r¯Λ as clarified by Eq. (38)
3.2 The case Ωk 6= 0
When Ωk 6= 0 the Eq.(25) can be rewritten in the following form :
d2r
da2
− δa+
3
2
a(a− a1)(a− a2)(a− a¯2)
dr
da
+
(39)
+
3
2
α˜
1
a2(a− a1)(a− a2)(a− a¯2)r = 0,
where a1, a2, a2 are the roots of the equation Ωm + Ωka + ΩΛa
3 = 0, and
δ = ΩkΩm (we are using the symbol r for the Dyer-Roeder distance in this
more general case). These roots are :
a1 = −
(
2
3
)1/3
δ
√
µ(−9√µ+√3√4δ3 + 27µ)1/3 +
(−9√µ+√3√4δ3 + 27µ)1/3
21/332/3
√
µ
,
a2 =
(1 + i
√
3)δ
22/331/3
√
µ(−9√µ+√3√δ3 + 27µ)1/3−
− (1− i
√
3)(−9√µ+√3√4δ3 + 27µ)1/3
221/332/3
√
µ
,
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Figure 2: Same as Fig1, the z-range is now bigger (0, 100)
a¯2 =
(1− i√3)δ
22/331/3
√
µ(−9√µ+√3√4δ3 + 27µ)1/3−
− (1 + i
√
3)(−9√µ+√3√4δ3 + 27µ)1/3
221/332/3
√
µ
.
where µ = ΩΛ/Ωn as before. (a2 and a3 are complex conjugate and a1 < 0,
then Eq. (40) has non singular coefficients for real a > 0). Equation (40)
is of Fuchsian type ((Ince 1956),(Tricomi 1961)) with four regular singular
points plus a regular singular point at infinity. This equation can be put in
the following form
d2r
da2
−
(
A˜
a
+
B˜
a− a1 +
C˜
a− a2 +
D˜
a− a3
)
dr
da
+
(40)
1
a
(
A
a
+
B
a− a1 +
C
a− a2 +
D
a− a3
)
r = 0,
where the coefficient A, B, C, D, A˜, B˜, C˜, D˜ are easily found in terms of
the cosmological parameters Ωm, ΩΛ, Ωk and α˜, and are given in Appendix
A.
The solutions around each of the 4 + 1 singularity points ( here ”1”
denotes the singularity point relative to the infinity) are grouped together
using the so called Riemann-P symbol.
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P

 0 a1 a2 a3 ∞δ11 δ21 δ31 δ41 δ1 a
δ12 δ22 δ32 δ42 δ2

 ,
where the δij and δi are given by
δ11 =
5
2
−
√
25
4
− 25α˜
4
(= 2s−),
δ12 =
5
2
+
√
25
4
− 25α˜
4
(= 2s+),
δ21 = 0,
δ22 = 1 +
3
2Ωm +Ωka2
a1(a2 − a1)(a2 − a3) ,
δ31 = 0,
δ32 = 1 +
3
2Ωm +Ωka1
a2(a2 − a1)(a2 − a3) ,
δ41 = 0,
δ42 = 1 +
3
2Ωm +Ωka3
a3(a3 − a1)(a3 − a2) ,
δ1 = 0,
δ2 = 1,
and correspond, respectively, to the solutions of the indicial equation relative
to the finite and infinite regular singular points of the equation. We do
not discuss further properties of these solutions because unfortunately they
cannot be given in an explicit analytical form. In the next section we will
give an approximate analytical expression for the solution of equation (25).
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4 The approximate lens equation
The exact solutions presented in the previous section are complicated and
difficult to use in practical applications. Therefore we want to find an an-
alytical approximate expression for r(z,Ωm,ΩΛ,Ωk, α˜) and for the function
χ appearing in the cosmological lens equation. Following SEF let us briefly
recall the basic equations used in the derivation of the cosmological lens
equation and introduce appropriate notation. The time delay between dif-
ferent light rays reaching the observer is:
c∆t = (1 + zd)
{
DdDs
Dds
(~θ − ~β)− ψ(~ξ)
}
+ const, (41)
where Dd, Ds and Dds are correspondingly the angular diameter distances
to deflector, source and the angular diameter distance between deflector and
source.
The first term in the bracket represents the geometrical time delay and
the second one is connected with the non homogeneous distribution of mat-
ter. To describe this effect we use a perturbed metric in the form :
ds2 = a2(η)
{(
1 +
2U
c2
)
dη2 −
(
1− 2U
c2
)
dσ2
}
,
where η is the conformal time, U is the gravitational potential of the deflec-
tor, and dσ2 is the spatial line element. The first term in Eq.(41) can be
rewritten as :
(1 + zd)
DdDs
Dds
=
c
H0
[χ(zd)− χ(zs)]−1 , (42)
where the function χ is given by :
χ(z,Ωm,ΩΛ,Ωk, α˜) =
∫ ∞
z
dz
r2g(z)
=
∫ ∞
z
exp

− d
2z
dλ2(
dz
dλ
)2

r−2dz, (43)
so it is connected with the general solution of Eq.(23) and the general ex-
pression for g(z) (see Eq.25). Since the metric is conformally stationary,
from the Fermat principle, we get the cosmological lens equation :
~β = ~θ − 2Rs
cH0
(1 + zd)[χ(zd)− χ(zs)]∂ψ
∂~θ
, (44)
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where Rs is the Schwarzschild radius of the deflector. Denoting ~ξ = Dd~θ,
~η = Ds~β, ~α(~ξ) =
2Rs
Dd
∂ψ
∂~θ
, we obtain
~η =
Ds
Dd
~ξ −Dds~α(~ξ) , (45)
which is formally identical to the lens equation obtained for z << 1.
Let us first discuss the interesting range of the parameter space. From
the available observations and theoretical considerations it follows that the
radius of curvature of the universe is very large or equivalently that dimen-
sionless curvature parameter Ωk is very small. In our considerations we
assume that |Ωk| ≤ 0.05. Unfortunately no reliable estimates of α˜ exist, but
in the considered range of redshifts zǫ(0, 100), we consider the range of α˜
∈ [0.3, 1] (not completely clumpy Universe). We also allow different values
of ΩΛ and with special attention we treat the case ΩΛ = 0.65 which seems
to be singled out by observations ((Kochanek 1996), (Kochanek 1996b),
(Kochanek & al.1998), (Perlmutter 1997),(Tomita 1999)). The density pa-
rameters satisfy the constraint Ωm +ΩΛ +Ωk = 1.
In the considered range of redshifts and of the other cosmological pa-
rameters we propose to use the following form of the approximate function
for r
r(z) =
1√
d1 + d2(d3 + d4/z + z)2
, (46)
where the parameters d1, d2, d3, d4 depend on the cosmological parameters
and they are determined by fitting Eq.(46) to the corresponding numeri-
cal solution. To optimize the fit we use a non linear regression procedure
available in Mathematica 4 .0 .
We use the same procedure to find the approximate function χ(z) which
we take in the form
χ(z) =
1
(e1 + e2z + e3z2)
, (47)
where the parameters e1, e2, e3 are determined by fitting χ(z) to numerically
obtained exact values.
We are interested in finding an analytical approximation of the Dyer-
Roeder distances for cosmological values of redshifts (say, for example, z ≥
0.05); in this region the polynomial, which appears in the denominator of
the approximate function χ(z) does not have zeros. In Fig.5 - 6 we show
the exact angular diameter distance and the fitted approximate relation for
the same value of α˜ and other cosmological parameters. (The calculations
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Figure 3: r(z) for different values of α˜, and for fixed ΩΛ = 0.65 is shown.
The values of α˜ are α˜ = 0.9, α˜ = 0.8, α˜ = 0.7 respectively, α˜ decreases from
the bottom curve up.
have been done for fixed α˜, ΩΛ = 0.65 and Ωk = 0.) In Fig.7 we see that
the approximate angular diameter distance reproduces the exact curve with
a very good accuracy, the error is not larger than ∼ 1%, for z in the range
(0, 50) and it is still good for larger z in the range (50, 100). In Fig.8 we
show exact numerically obtained function χ(z) and the fitted approximate
relation for the same value of α˜ and other cosmological parameters.
Finally we have analyzed how the typical maximum present in the angu-
lar diameter distance depends on the two cosmological parameters (ΩΛ, α˜).
Actually we perform this analysis both for the maximum of that distance
rmax and for the z-value for which that maximum occurs zmax. For Ωk = 0
and ΩΛ = const., rmax depends on α˜ as:
rmax(α˜,ΩΛ = const.,Ωk = 0) =
(48)
= exp[ζ0 + ζ1(ΩΛ) + ζ2(ΩΛ)
2 + ζ3(ΩΛ)
3]
If we fix α˜ = const. and consider the dependence of rmax on ΩΛ, we find:
rmax(α˜ = const.,ΩΛ,Ωk = 0) =
16
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Figure 4: Same as in Fig. 3; the z- range is now(0,5)
(49)
= exp[ε0 + ε1(ΩΛ) + ε2(ΩΛ)
2 + ε3(ΩΛ)
3],
where the coefficients εi depend on the clumpiness parameter α˜ and on Ωk.
We can also study how zmax depends on α˜ and ΩΛ. For α˜ = const., Ωk = 0,
we have that
zmax(α˜ = const.,ΩΛ,Ωk = 0) =
(50)
= exp[τ0 + τ1(ΩΛ) + τ2(ΩΛ)
2 + τ3(ΩΛ)
3 + τ4(ΩΛ)
4 + τ5(ΩΛ)
5].
The coefficients τi depend on the clumpiness parameter α˜ and on Ωk. For
ΩΛ = const., Ωk = 0, we find
zmax(α˜,ΩΛ = const.,Ωk = 0) =
(51)
= exp[γ0 + γ1α˜+ γ2(α˜)
2 + γ3(α˜)
3 + γ4(α˜)
4 + γ5(α˜)
5].
where the γi coefficients depend on and the parameters ΩΛ and Ωk. From Eq.
(51) it follows that for ΩΛ = 0.65 and α˜ = 0.9, we get zmax = 1.62. When
ΩΛ = 0, Ωk = 0, as it follows from Eq. (27) zmax = 1.25. It is interesting
to note that zmax(ΩΛ = 0,Ωk = 0, α˜ = 0.9) < zmax(ΩΛ = 0.65,Ωk = 0, α˜ =
0.9), which shows how relevant is the role of the cosmological constant.
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Figure 5: The numerical solution of the Dyer-Roeder equation and our ap-
proximated function for fixed ΩΛ = 0.7 and α˜ = 0.9 are shown. As it is
apparent, the approximating function works very well.
5 Conclusion
In this paper we have considered the cosmological lens equation in the case
when the cosmological constant Λ 6= 0 and the curvature of space is different
for zero (k 6= 0). We have included the effects of non homogeneous distri-
bution of matter which are described by a phenomenological parameter α˜.
Unfortunately at the moment there are no generally accepted models that
describe the distribution of baryonic and dark matter at high redshifts and
therefore the influence of non homogeneities of matter distribution can be
included only at this approximate level. Following the standard procedure
((Schneider, Ehlers & Falco 1992)) we use the Dyer-Roeder distance to find
the distance between two objects with redshifts z1 and z2.
To find the general solution we slightly enlarged the parameter space by
considering the non zero cosmological constant, so the cosmological model
is described by the following parameters ΩΛ 6= 0, Ωm 6= 0, α˜ ∈ [0.3, 1] (not
completely clumpy Universe), p = 0 (no radiation). The solution that we
have found is a functional combination of the solution given in SEF for the
case when ΩΛ = 0, Ωk = 0 and two hypergeometric functions. Fig. 1 shows
that in the flat universe the Dyer-Roeder distance increases for increasing
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Figure 6: Same as in Fig. 5, the z-range is now (0, 5.)
values of the cosmological constant. In the next step we allow the curvature
of space to be different from zero. This further complicates the Dyer-Roeder
equation which becomes of a Fuchsian type with 4 regular singular points
and one regular singular point at infinity. The general form of this kind of
ordinary differential equations is given in terms of the P-Riemann symbol.
The obtained exact solution is so complicated that it is practically use-
less in practical applications. Therefore we have looked for an approximate
analytic solution simple enough to be used in many applications and at the
same time sufficiently accurate at least in the interesting range of redshifts.
The proposed form of the approximate solution of the Dyer-Roeder equation
depends on four arbitrary parameters. To fix values of these parameters we
fit the approximate solution to the exact one with the help of a non linear
regression method (see Mathematica 4.0). Of course, the parameters de-
pend on the density parameters, but their values for different cosmological
parameters can be tabulated. Following SEF we have also found the func-
tion χ which appears in the expression for time delays as well as in the lens
equation. We have also proposed approximate analytical form of the func-
tion χ which contains three arbitrary parameters. To find values of these
parameters we use the same method as above.
We have also studied how the redshift corresponding to the maximal
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Figure 7: The relative error function between the numerical solution of the
Dyer-Roeder equation and our approximated function, ΩΛ = 0.7, α˜ = 0.9.
angular diameter distance depends on the basic parameters determining the
cosmological model.
Let us now consider the following three combinations of the DR distance:
◦ DLS
DOS
=
H0
c
rLS
rOS
,
◦ DOLDLS
DOS
=
H0
c
rOLrLS
rOS
,
◦ DOLDOS
DLS
=
H0
c
rOLrOS
rLS
.
We have selected these combinations because of the role they play, respec-
tively, in bending of light, lensing statistics, and time delay. Asada ((Asada
1997), (Asada 1998), (Asada 1998)) have found that:
◦ DLS
DOS
(α1) <
DLS
DOS
(α2), for α1 < α2,
◦ DOLDLS
DOS
(α1) <
DOLDLS
DOS
(α2), for α1 < α2,
◦ DOLDOS
DLS
(α1) >
DOLDOS
DLS
(α2), for α1 < α2.
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Figure 8: This figure shows how our approximate analytical form for χ
interpolates the numerical values. The values of non normalized chi-squared
of this regression is χ2 = 0.013. The independent variable is z·10.
Using our approximate relations for r and χ we obtain that:
◦ DLS
DOS
= (1 + zL)r(zL)(χ(zL)− χ(zS)) =
= (1 + zL)
1√
d1 + d2(d3 + d4/zL + zL)2)
(
1
(e1 + e2zL + e3z2L)
−
1
(e2 + e2zS + e3z
2
S)
),
◦ DOLDLS
DOS
= (1 + zL)r
2(zL)(χ(zL)− χ(zS)) =
= (1 + zL)
1
(d1 + d2(d3 + d4/zL + zL)2)
(
1
(e1 + e2zL + e3z2L)
−
1
(e1 + e2zS + e3z
2
S)
),
◦ DOLDOS
DLS
=
1
(1 + zL)(χ(zL)− χ(zS)) =
21
=
1
(1 + zL)
1
( 1
(e1+e2zL+e3z
2
L
)
− 1(e1+e2zS+e3z2))
,
Using the fitted values for the parameters (d1, d2, d3, d4) and (e1, e2, e3) we
confirm results of Asada for α˜ in the considered range 1 ≥ α˜ ≥ 0.3.
Finally we like to stress that from our analysis it follows that variations
in the angular diameter distance caused by the presence of cosmological
constant are quite similar to variations due to changes in the value of α˜.
2 4 6 8 10
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r
Figure 9: r(z) for ΩΛ = 0 and α˜ = 0.6 (upper curve) and ΩΛ = 0.7 and
α˜ = 1 (bottom curve). This figure shows that non homogeneous distribution
of matter can mimic the effect of non zero cosmological constant.
Actually, in Fig.9, we consider two plots corresponding to the values
ΩΛ = 0 and α˜ 6= 0 and ΩΛ 6= 0 and α˜ = 1 and we see that the α˜ parameter
could mimic the effect of a non zero cosmological constant. This is an impor-
tant observation in view of the recent observational results concerning the
non zero value of the cosmological constant ((Kochanek 1996), (Kochanek
& al.1998), (Kochanek 1996b), (Perlmutter 1997)). In the future we would
like to extend our work and include also the radiation density parameter.
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6 Appendix A
A = − 3α˜Ωm
2a1a2a3
,
B = −3α˜Ωm
2α9
×−α5(α3 − α4) + α7(α1 − α4)− α8×(α1 − α3)
(−α6(α3 − α4) + α7(α2 − α4)− α8(α2 − α3)) ,
C = −(A+B +D), (52)
D =
(A(α1 − α3) +B(α2 − α3))
(α3 − α4) .
The coefficients A˜, B˜, C˜, D˜ are
A˜ = −3
2
Ωm
a1a2a3
,
B˜ =
−α3α5Ωm + 3α4α5Ωm
2α9(α3α6 − α4α2α7 + α2α8 − α2α8) +
+
3α1α7Ωm − 3α4α7Ωm + 3α1α8Ωm
(2α9(α3α6 − α4α2α7 + α2α8 − α2α8)) +
+
2α7α9Ωk − 2α8α9Ωk
(2α9(α3α6 − α4α2α7 + α2α8 − α2α8)) , (53)
C˜ =
−α2α5Ωm + 3α4α5Ωm
2α9(α3α6 − α4α6 − α2α7 + α4α7 + α2α8 − α3α8) −
− 3α1α6Ωm + 3α2α6Ωm
(2α9(α3α6 − α4α6 − α2α7 + α4α7 + α2α8 − α3α8)) +
+
3α1α8Ωm − 3α2α8Ωm − 2α6α9Ωk + 2α8α9Ωm
(2α9(α3α6 − α4α6 − α2α7 + α4α7 + α2α8 − α3α8)) ,
D˜ = − 3α2α5Ωm − 3α3α5·Ωm + 3α3α6Ωm
2α9(−α3α6 + α4α6 + α2α7 − α4α7 − α2α8 + α3α8) +
+
3α1α7Ωm − 3α2α7Ωm − 2α6α8Ωm − 2α6α9Ωk
(2α9(−α3α6 + α4α6 + α2α7 − α4α7 − α2α8 + α3α8)) +
24
+
2α8α9Ωk + 2α7α9Ωm
(2α9(−α3α6 + α4α6 + α2α7 − α4α7 − α2α8 + α3α8)) .
The functions αi being:
α1 = a1a2 + a1a3 + a2a3,
α2 = a2a3,
α3 = a1a3,
α4 = a1a2,
α5 = a1 + a2 + a3,
α6 = a2 + a3,
α7 = a1 + a3,
α8 = a1 + a2,
α9 = a1a2a3.
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7 Appendix B
We give the form of the coefficient appearing in equations (46) and (47) ,
in function of the cosmological parameter. We show the dependence of the
coefficient di on the clumpiness parameters α˜, fixing ΩΛ = 0.65
d1 = exp[ad1 + bd1α˜+ cd1α˜
2 + dd1α˜
3],
d2 = exp [ad2 + bd2α˜+ cd2α˜
2 + dd2α˜
3],
d3 = exp [ad3 + bd3α˜+ cd3α˜
2 + dd3α˜
3],
d4 = exp [ad4 + bd4α˜+ cd4α˜
2 + dd4α˜
3].
Dependence of di functions from ΩΛ with α˜ = 0.8
d1 = exp [pd1 + qd1ΩΛ + rd1(ΩΛ)
2 + sd1(ΩΛ)
3],
d2 = exp (pd2 + qd2ΩΛ + rd2(ΩΛ)
2 + sd2(ΩΛ)
3),
d3 = exp (pd3 + qd3ΩΛ + rd3(ΩΛ)
2 + sd3(ΩΛ)
3),
d4 = exp [pd4 + qd4ΩΛ + rd4(ΩΛ)
2 + sd4(ΩΛ)
3],
being Pn(ΩΛ) a polynomial of n-degree in ΩΛ.
We see below the dependence of the functions ei from α˜ with ΩΛ = 0.65
e1 = me1 + ne1 α˜ + oe1 α˜
2 + pe1α˜
3,
e2 = me2 + ne2 α˜ + oe2 α˜
2 + pe2 α˜
3,
e3 = me3 + ne3 α˜.
Here, we show the dependence of the functions ei from ΩΛ,with α˜ = 0.9,
and Ωk = 0:
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e1 = m˜e1 + n˜e1ΩΛ + o˜e1Ω
2
Λ + p˜e1Ω
3
Λ,
e2 = m˜e2 + n˜e2ΩΛ + o˜e2Ω
2
Λ + p˜e2Ω
3
Λ,
e3 = Pq(ΩΛ)/(exp [m˜e3ΩΛ + ˜ne3]),
being Pq(ΩΛ) a polynomial of q-degree in ΩΛ depending on the value of k
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